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Abstract. We study the orbit types of isometries of the spherical, Euchdean and hyperbohc spaces 
in each finite dimension, and show that they are parameterized by a discrete algebraic invariant, the 
Segre symbol. In particular, we prove that the number of orbit types is finite. We study the varieties of 
invariant totally geodesic submanifolds of an isometry, and show that the dimensions of the connected 
components of these varieties determine the Segre symbol of the isometry, and thus its orbit type. 



1. Introduction 

Our objective is to study the isometries of the simply connected space forms. That is to say, the 
spherical, Euclidean and hyperbolic spaces. We will denote by S" the n-dimensional sphere, the n- 
dimensional Euclidean affine space and the n-dimensional hyperbolic space. Their isometry groups 
are denoted by I(S''), I(E") and ^W) respectively. 

A very first and well known classification of isometries is based on their fixed point behavior. The 
translation length of an isometry / is the infimum of the distances that points are moved, 

a = infpWfip) -p\\. 

If it is positive, then / is called hyperbolic. If / has a fixed point it is called elliptic. If / does not 
fix a point but its translation length is zero, then it is called parabolic. We remark that parabolic 
isometries can only occur in hyperbolic spaces. All spherical and Euclidean isometries are either ellip- 
tic or hyperbolic. 

A finer classification of isometries is given by their conjugacy classes. As in the case of linear endomor- 
phisms, a key first step in studying conjugacy classes is to establish normal forms. We briefly recall 
the normal forms of isometries in each of the three cases. 

The Lie group I(S") is isomorphic to the group of real orthogonal matrices 0(n + 1). 

Definition 1.1. An orthogonal normal form, is a block diagonal matrix whose blocks are ±1^ or 
Rq, where 1^ denotes the k x k identity matrix and 
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The Lie group I(E") of isometries of the Euchdean affine space is isomorphic to the Euchdean group 
Euc(n) of matrices of the form ( ^ f ) , where A E 0{n) and a G M". 

Definition 1.2. An Euclidean normal form is a matrix of one of the following types: 

1) A © 1, where A G 0{n) is an orthogonal normal form. 

2) A@ where A G 0{n — 1) is an orthogonal normal form and a G M is a positive number (the 
translation length). 

The direct sum of matrices denotes the block diagonal matrix whose blocks are the direct summands: 
A® B = (^^)- Note that types ([T]) and ([2|) correspond to elliptic and hyperbolic isometries respec- 
tively. 



Consider the hyperboloid model of the hyperbolic space. The Lie group I(EI'^) is isomorphic to the 
group PO(l,n) of proper Lorentz matrices. 

Definition 1.3. A Lorentzian normal form is a proper Lorentz matrix of one of the following 
types: 

1) 1® A, where A G 0(n) is an orthogonal normal form. 

2) Q ® A, where A ^ 0{n — 2) is an orthogonal normal form and 

/3/2 1 -1/2 
G = 1 1 -1 
\l/2 1 1/2 

3) Vtt © A, where A G 0{n — 1) is an orthogonal normal form and 

Q. — (^^^^^ sinht\ ^ / Q 
* ~ l^sinht coshty ' ^ 

Types ([T]), (j2]) and ([3]) correspond to elliptic, parabolic and hyperbolic isometries respectively. 

The following is an extension of the Spectral Theorem for the orthogonal group 0{n), to the Euclidean 
and Lorentz groups Euc(n) and PO{l,n). 

Theorem 1.4. Every element ofO{n), Euc(n) and PO{l,n) is conjugate to an orthogonal, Euclidean 
and Lorentzian normal form respectively, which is unique up to block permutation. 

The classification of isometries by conjugacy classes is too fine, and in all three cases there are infinitely 
many conjugacy classes. Moreover, classes having the same normal form structure but differing only 
in the sets of eigenvalues have the same geometric behavior. A more convenient classification is given 
by the orbit type. 

Let G be a Lie group acting on a manifold M. 

Definition 1.5. Two points x,y M have the same G-orhit type if their orbits are G-equivariantly 
isomorphic. 

Thus the orbit type defines an equivalence relation in M. We study the orbit types of I (§""), I(E") 
and I(BI") respectively acting by conjugacy on themselves, and we show that in each case, there are 
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finitely many orbit types, parameterized by a discrete invariant which we describe next. 

The Segre symbol of a linear endomorphism of a finite dimensional real or complex vector space is a 
sequence of positive integers encoding the number of distinct eigenvalues, together with the sizes of 
the Jordan blocks corresponding to each eigenvalue. This invariant has been studied by many authors 
for classification purposes. For example, in [HP] , projectivities are studied by means of their Segre 
symbol. An application of the Segre symbol, relevant in theoretical physics, is the Petrov classification 
of gravitational fields, in which the Segre symbol of the curvature tensor is studied in order to stratify 
Einstein spaces |Pe] . 

Let A4{n) denote the set of all square matrices over C and let GL[n) act on Jv[{n) by conjugation. In 
|Arj . Arnold suggests that the partition of A^(n) into Segre classes makes M{n) into a stratified space. 
In [Gi], Gibson proves this statement, and shows that the stratification induced by the Segre symbol is 
a Whitney-regular stratification. Moreover in |Brj (Theorem 2.10.1) it is shown that in this case, the 
partition according to the Segre symbol coincides with the stratification by orbit types. Following the 
work of [ArJ and [Gij . in [Cij we define the Segre symbol for an arbitrary affine endomorphism over an 
algebraically closed field k, and we show that the stratification of the space of affine endomorphisms of 
an affine space according to the Segre symbol coincides with the stratification by Gj4(n)-orbit types, 
and that this stratification is Whitney regular for k = C. Here we extend the definition of the Segre 
symbol to each particular case I(S"), I(E'^) and I(EI"), such that the above properties will still be 
fulfilled. We prove the following theorem. 

Theorem 1.6. The orbit type decomposition o/ J(S"), /(E*^) and /(H") respectively is parameterized 
by the Segre symbol. In particular the number of orbit types is finite, given in each case by 

^^; e(n) = (^f^^^ p{j){n - 2j + 1)) + (E^^o '^^'^ PU)in - 2j)) , 
m) kin) = Izflo^ Pij)in - 2j + 1)) + (eJ^o '^^'^ PiM^ " 2j " 2)) + s{n - 2), 

where p{k) denotes the number of partitions of k and [k] denotes the integer part of k. 

A future objective could be to prove that the orbit type decomposition defines a Whitney-regular 
stratification on each space of isometries. 

The earlier classification of isometries according to their fixed point behavior is naturally extended in 
the Euclidean case to the study of invariant affine subspaces of E" of arbitrary dimension. A general- 
ization of this study to isometries of the curved spaces S" and H" leads to the study of totally geodesic 
invariant subspaces. 

We recall that a Riemannian submanifold of a Riemannian manifold M is called totally geodesic 
if all geodesies in N are also geodesies in M. For example, each closed geodesic in a Riemannian 
manifold defines a 1-dimensional compact totally geodesic submanifold. 

Let M" denote one of the simply connected Riemannian manifolds S", E" or H". The group of 
isometries I(M"') is isomorphic to a Lie group G{n) of dimension n(n + l)/2, which given the type of 
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M", is one of the fohowing: 

C 0(n + 1), if = S". 
G{n) = I Euc(n), if M" = E". 

[ PO(l,n), if = W. 

For all < A; < n define the generalized Grassmannian G(A;,M") to be the set of closed totally 
geodesic submanifolds of M" isometric to . It is a smooth semialgebraic variety of dimension 
{k + l)(n — k) and can be identified with a homogeneous space (see [Ob]) 

G{k, M") = G{n)/G{k) x 0(n - A;). 

For / G I(M") we denote the set of totally geodesic /-invariant spaces C M", by r/(A;) C 
G(/c, M"), which is a smooth closed algebraic subvariety of G(A;, M"). The main theorem of this paper 
is the following. 

Main Theorem. Let M"" be a simply connected space form of dimension n, and let f he an isometry of 
M". Denote byTf{k) the subvariety o/G(A;, M") of f -invariant closed totally geodesic submanifolds of 
M" isometric to . The dimensions of the connected components ofTf{k), for < k <t, determine 
the Segre symbol of f , where 

( 1, if W = 
t = I 'i, if M"^ = W . 
[ 4, if M" = 

Therefore, by the previous result, the dimensions of the connected components of the varieties of 
invariant subspaces in low dimensions determine the orbit type of the isometry. Furthermore, given 
such dimensions it is possible to recover both the Segre symbol and the varieties themselves in terms 
of disjoint unions of products of generalized Grassmann manifolds, as we shall see in Section [H 

We next explain the contents of the subsequent sections. In Section 2 we establish the normal forms 
of isometries and define the Segre symbol in each of the three cases. In particular we give a proof of 
Theorem 11.41 Although normal forms of isometries are known, precise statements and proofs for the 
Euclidean and hyperbolic cases are difficult to find in the literature. The case of Euclidean isometries 
can be found in [Rej- Our definition of Euclidean normal form differs from that in [Re] in that our 
normal forms are a natural extension of Jordan matrices. Isometries of the hyperbolic space are often 
studied by means of the Mobius group, by considering the upper-half plane model of the hyperbolic 
space, as in |Raj . This may possibly be a cause for the lack of references concerning normal forms of 
PO{l,n). In |Grj such normal forms are listed, but apparently this reference is not well enough known. 
For example, in |Baj (Theorem 6.9) the list of normal forms is incomplete since parabolic isometries 
are missing. Also, in |GKj . dynamical types of isometries of the hyperbolic space are studied, but the 
normal forms given in [Grj are not used. Since we use normal forms as a key step in the study of 
orbit types, we present a survey of these forms in Section 2 with an elementary proof purely based on 
linear algebra arguments. Section 3 is concerned with orbit types. We study the isotropy subgroups of 
normal forms and prove Theorem II. 6i In Section 4 we study the varieties of invariant totally geodesic 
subspaces of an isometry. We provide a description of these varieties in terms of the Segre symbol, and 
show that their connected components are products of generalized Grassmannians. We then prove the 
main theorem of this paper. 

Acknowledgements. I thank F. Guillen and V. Navarro for pointing me to the particular problem that 
gave rise to this paper, as well as for their valuable comments and suggestions. 
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In this section we establish the normal forms of isometries of the spherical, Euclidean and hyperbolic 
spaces in each finite dimension, and we define the Segre symbol for each of the three cases. 

2.1. Isometries of S". The standard model of the n-dimensional spherical space is the unit sphere 
S" of M"^-'^ defined by S" = {x G M"^^; |x| = 1}. The group I(S") of isometries of S" is isomorphic to 
the real orthogonal group 0{n + 1). 



We next recall the definition of the Segre decomposition of I(§"). This decomposition is introduced in 
|Arj for the space of complex square matrices. We can adapt its definition to the real orthogonal case 
as follows. 



Throughout this paper we will denote by Rg = Re® ■ ■ ■ ®Re the block diagonal matrix of size 
(2n X 2n) consisting of n blocks equal to i?^, where ^ G M \ {fcvr}. 



Let / G I(S"') be an isometry. Then / has an orthogonal normal form 

where we can assume that ni > • • • > > 0, mi > nit > 0, and that the eigenvalues satisfy 6i ^ 6j 
and £{ 7^ £j, for all i ^ j. Since G {±1} we have t < 2. 

Definition 2.1. Let f G /(S*^). With the previous notation the Segre symbol of f is 

df = [(nini), ■ ■ ■ , {nsns),'mi,mt]. 

c s 



For example, let ^ J be a normal form of /, then df = [(11), 2]. 

A Segre class of I(S") consists of all elements in that have a given Segre symbol. There are 

finitely many classes, each one being a union of 0{n + l)-orbits that have the same discrete invariants 
but different eigenvalues. The following proposition is a matter of combinatorics. 

Proposition 2.2. The number of Segre classes in 7(S") is given by 

s{n) = ^ p{j) { - j + 1 j , 

where p{k) denotes the number of partitions of k and [k] denotes the integer part of k. 

2.2. Isometries of E". Before we provide the normal forms of Euclidean isometries let us first recall 
some basic definitions and facts. 



Let V = ]R"+ be the n + 1-dimensional standard vector space and consider the standard afRne 
space E" as the subspace of V defined by E" = {xn+i = 1}. We say that the subspace of V given 
by Vo = {xn+i = 0} is the vector space associated to E". We will assume that Vq comes with the 
standard Euclidean metric. 
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An isometry / : E" ^ E" is induced by a linear map (p : V V that satisfies (^(E") C E", and for 
wliich the restriction {p\vo : Vq — > Vq is an orthogonal map with respect to the metric of Vq. The set of 
all isometries I(E"') of E" is isomorphic to the Euclidean group, which can be described concretely as 
the semidirect product Euc(n) = 0(n) x M". 

An Euclidean reference ({e*}"^;^;p) of E*^ is an orthonormal basis {e^}^^^ of Vq and a point p € E", 
and induces a basis {e^}^^^ of V, where e"""*"^ = p. 

Let / : E*^ ^ E" be an isometry and let {{e^}^^i;p) be an Euclidean reference of E". The matrix of 
/ in this reference is the matrix of <p in the induced basis of V. Since ^(Vq) C Vq, the last row of such 
a matrix will be (0, • • • , 0, 1). 

We recall that an Euclidean normal form is a matrix of one of the following types: 

1) A(Bl, where A € 0(n) is an orthogonal normal form. 

2) A(B (qi), where A € 0(n — 1) is an orthogonal normal form and a G M is a positive number (the 
translation length). 

The following theorem can be found in |Re| . We give a straightforward proof. 

Theorem 2.3. Let / : E" ^ E" be an isometry. There exists an Euclidean reference o/E" such that 
the matrix of f in this reference is an Euclidean normal form. 

Proof. Let x = (xi, ■ ■ ■ , & V = W"'^^. Let tt; : F ^ M be the linear form defined by w{x) = Xn+i- 

Hence, Vq = Ker(w). The isometry / is determined by a linear map ip : V ^ V such that w o {p = w, 
and ifo = (p\vo is orthogonal. To prove the theorem it suffices to show that there exists a Jordan basis 
{m*}"^/ of V with respect to (f, satisfying w{u"'~^^) = 1 and w{u^) = for all i < n, and such that 
{u^, ■ ■ ■ , u"} is a Jordan orthonormal basis of Vq with respect to fo. 

Let V = Vr (BVi he the decomposition of V into (/7-invariant subspaces, where Vi denotes the pri- 
mary component of V corresponding to the eigenvalue 1. Since u) o ((^ — /) = 0, we have Vr C Vq. 
Consequently, there is a Jordan orthonormal basis of Vr with respect to ^Po\vr- Moreover, there is 
an orthogonal decomposition Vq = Vr © {Vi PI Vq). Therefore we can assume that V = Vi, so that 
(p is a unipotent linear map. Since ipQ is orthogonal, (pQ is the identity matrix. Then / is either the 
identity or a translation. In the first case the proof is complete. Assume that / is a translation, and 
let p = (0, • • • , 0, 1). Then p — f{p) ^ and we define = (/(p) — — v\\- We complete u" 

to an orthonormal basis of Vq. Then {li^, • • • is a basis of V satisfying the desired conditions. 

The matrix of / in the reference {u^ ., ■ ■ ■ ,u^;p) is I^-i ©(01)1 where o = —p\\ is a positive real 

number. □ 

We next define the Segre symbol of an isometry of E". The main difference with respect to the or- 
thogonal case is that we now distinguish the elliptic from the hyperbolic case, as well as the blocks of 
eigenvalue 1 from the remaining blocks. This distinction will be justified in section 3. 

Let / G I(E"') be an isometry induced hy ip : V ^ V, and let V = Vr (B Vi he the decomposition 
of V into (/9-invariant subspaces, where Vi is the primary component of eigenvalue 1, and Vr denotes 
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the direct sum of the remaining primary components. We denote by ipn = '■p\vr and ipi = ^\vx the 
restrictions of to Vr and Vi respectively. Let 

d = dimKer((^ ~ I) ^ = dimKer((^o ~ -^)- 
By Theorem 12.31 one of the following conditions is satisfied: 

1) d = r + 1, and / has a normal form A © Ir+i) where A is an orthogonal normal form of ipR. 

2) d = r, and / has a normal form A © © ( q i ); where a > and A is an orthogonal normal form 
of (pR. 

Cases ([T]) and ([2]) correspond to elliptic and hyperbolic isometrics respectively. 

Definition 2.4. Let f € /(E"). With the previous notation, the Segre symbol of f is aj = [t; r; aji], 
where t £ {e,h} denotes the type of isometry (elliptic or hyperbolic) andaR is the Segre symbol of ipR. 

Proposition 2.5. There is a finite number of Segre classes in /(E"), given by 

n /[i/2] \ 

^(^)= E + h 

i=n-l \j=0 J 

where p{k) is the number of partitions of k, and [k] denotes the integer part of k. 

Proof. Let e^(n), e^{n) denote the number of Segre classes of elliptic and hyperbolic isometries of 
respectively, so that e(n) = e^(n) + e^{n). By the definition of Euclidean normal forms we have 
e^{n) = e^(n — 1). Therefore e(n) = e^(n) + e'^(n — 1). A combinatoric calculation shows that 

[n/2] 

e^(n) = Y^p{j){n-2j + l). 
j=0 

□ 

For example, e(l) = 3, e(2) = 6, e(3) = 10 and e(4) = 16. 

2.3. Isometries of H". We next recall the normal forms of PO{l,n) obtained in [Grj . and we give 
an alternative proof based on elementary linear algebra arguments. 

Let 1^ be a finite dimensional vector space over M, and let Q be a nondegenerate symmetric bilinear 
form over V of signature (l,n). The pair (y,Q) is called a Lorentz space. 

A linear endomorphism T £ EndiV) is called an isometry (with respect to Q), if Q(Tu, Tv) = Q{u, v) 
for all u,v €V. We denote by 0{Q) the isometry group of {V,Q). An isometry T G 0{Q) is called 
proper if Q{T{v)) < for allv eV such that Q{v) < 0. We denote by PO{Q) the subgroup of 0{Q) 
of proper isometries, which is a subgroup of index 2. 

Let V = M"^-'^ and Qi^n{x, y) = —xoyo + X]r=i ^iVi- Then Qi^n has signature (1, n) and we denote the 
group 0(Qi,n) by 0(l,n). We call (M"+^,Qi^„) the standard Lorentz space, and denote it by R^'". 
Let J denote the matrix of Qi^n in the canonical basis of M"+^. Then 



J = -Ii © I 
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and the group 0(1, n) is identified with the group of real square matrices A of size n + 1 such that 

A* J A = J. 

Let H" denote the connected submanifold of M^'" defined by 

= {x£ Mi'";Qi,„(x) = -l,xo > 0}. 

With the induced metric of M^'", H" is a Riemannian manifold, and it is a model of the n-dimensional 
hyperbolic space. 

The isometry group of H" is isomorphic to the proper Lorentz group PO{l,n), which consists of the 
two connected components of 0(1, n) leaving H" invariant. There are the matrices of 0(1, n) having a 
positive entry in the upper left corner. Before providing the normal forms of PO{l, n) we first establish 
some previous definitions and results. 

A vector v ^ V \s called space-like if Q{v) > 0, it is called time-like if Q{v) < 0, and it is called 
light-like or isotropic if Q{v) = 0. 

Let U C V he a linear subspace of V. Then U is said to be time-like if it has a time-like vector, 
space-like if every nonzero vector in U is space-like, and light-like otherwise. 

The following is a well known result (see |Raj . p. 60). 

Lemma 2.6. Let (V, Q) be a Lorentz space and let u, v be orthogonal and linearly independent vectors. 
IfQ{u) < then Q{v) > 0. 

Lemma 2.7. Let {V,Q) be a Lorentz space and let T G 0{Q). Let W be a space-like T -invariant 
subspace of V . Then W'^ is a T -invariant Lorentz space, and V = W ® W-^ . 

Proof. Since W is space-like, W n W-^ = 0, and W ® W-^ = V . Since T is an isometry, W-^ is 
T-invariant. Indeed, if u G W'^ and v G W, then Q{Tu,v) = Q{u,T~^v) = 0. Therefore Tu G W'^. 
Since V is time-like and W is space-like, W'^ must be time-like, and hence a Lorentz space. □ 

We will denote by {—Y the scalar-extension functor from R to C. Then = V iE> C, and T^, Q'^ 
denote the C-linear endomorphism of V^, and the C-bilinear form obtained by scalar extension from 
T and Q respectively. If T is an isometry of (y,Q) then is an isometry of (V^yQ^). Moreover, 
conjugacy in C induces an M-automorphism of V^, which we denote by f i— > as it is customary. The 
maps 7^, X : C ^ M taking the real and imaginary parts respectively, define the corresponding M-linear 
maps 

7^,J: -^V^R^V, 
where TZ{v) = ^{v -\- v) and I{v) = ^{v — v). 

We next study the orthogonality of the primary components of T'^, for T G 0{Q). The following result 
is possibly well known, and a proof can be found in Gongopadhayay-Kulkarni ( [GKj ) . Here we give a 
more elementary proof of it. 
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Lemma 2.8. Let T G 0{Q) and let A,/u G C such that Xfi ^ 1. The primary components and 
of with respect to T^, corresponding to the eigenvalues A and jx respectively, are orthogonal, ie 

Proof. Throughout this proof we will omit the superscript c. Let = Ker(T — A)*, and = 
Ker(r — i^y . We want to show that Q{u,v) = for all u ^ F\ and v £ Fji. We will prove it by 
induction over i + j. If i + j < 1 it is trivial. The first non-trivial case is i = j = 1. Let u £ and 

V £ F^. Then Tu = Xu, and Tv = fj,v. Since T is an isometry, 

Q{u,v) = Q{Tu,Tv) = XfiQ{u,v) = 0. 

Assume that i + j > 2. Let ui € F| and U2 £ Fji, and let wi = {T — X)ui, W2 = {T — n)u2. Since 
wi € F^^ and W2 € Fji~^, by the induction hypothesis, 

Q{wi,W2) = Q{wi,U2) = Q{ui,W2) = 0. 

Therefore 

Q{ui,U2) = Q{Tui,Tu2) = Q{wi + Xui,W2 + HU2) = XfiQ{ui,U2). 
Since A/i 7^ 1 we have Q{ui, U2) = 0. □ 

Definition 2.9. Let {V,Q) be a Lorentz space and T E 0{Q). The space-time decomposition of 

V with respect to T is the decomposition V = Vt (B Vs, where Vs is the direct sum of all space- 
like primary components of V with respect to T and Vt is the direct sum of the remaining primary 
components. We will call Tg = T\y^ the spatial component of T, and Tf = T\vt, the temporal 
component of T. 

The following properties are a consequence of Lemmas 12.71 and 12. 8[ 

Proposition 2.10. Let T G 0{Q) and let V = Vt ® Vg be the space-time decomposition of V with 
respect to T. 

i) Vt and Vs are T -invariant coprime orthogonal subspaces. 
a) Vs is an Euclidean space, and Vt is a Lorentz space. 

Hi) Ts is an orthogonal isometry, while Tf is a Lorentz isometry. The isometry T is proper if and only 
if Tt is proper. 

We next study the eigenvalues of a proper Lorentz isometry. Since Ts is orthogonal, we will only deal 
with the temporal component Tt. 

Lemma 2.11. Let (V, Q) be a Lorentz space and let T £ PO{Q). Let X £ C be an eigenvalue of {TtY. 
Then X is real positive, and A"^ is also an eigenvalue ofTt. 

Proof. We can assume that V = Vt and T = Tt. Let A G C be an eigenvalue of T'^. Assume that A 
is not real, and denote by V^ the primary component of of eigenvalue A. Then = is the 
primary component corresponding to A. Since A^, A^ / 1, by Lemma [THl we have Q\v^ = Q\v^ = 0. 

Let V^i = TZ{V^) denote the primary component of V corresponding to p{x) = — 2TZ{X)x + |Ap. If 
vi £ V)^^ then there exists w £ V^ such that vi = TZ{w). Let V2 = T{w). Then V2 £ Vj^^j, and 

Q{vi) = \{Q''{w)+Q'^{w) + 2Q\w,w)) = \q{w,w) 
Q{V2) = -\{Q'{w) + Q'{w) - 2Q\w, w)) = ]^Q{w, w) 
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Q{vi,V2) = Q{n{w),I{w)) = -{Q'{w) - Q^{w)) = 0. 

4z 

Since fi,f2 are linearly independent, by Lemma [2T6l Q{yi),Q{v2) > 0. Therefore V)^^ is space-like. 
Since y = Vf is the direct sum of all non space-like primary components, we get a contradiction. Hence 
A must be real, and since T is a proper isometry, A must be positive. 

Finally, assume that A is a real positive eigenvalue of T, and let A be the matrix of T in an orthonormal 
basis. Since A^JA = J, we have J~^A^J = A~^. Therefore A~^ is an eigenvalue of T. □ 

Corollary 2.12. Let T G PO{l,n). Then one of the two following conditions is satisfied: 
i) Vt = Vi. 

a) Vt = V\(B Vx-\, where \ is real positive. 

Proof. By Lemma 12.111 we have C Vi © Vx V^-i, where A is a real positive eigenvalue. By Lemma 
12.81 the subspaces Vi and V\ © V\-i are orthogonal. Therefore by Lemma 12.61 least one of these 
subspaces must be space-like. Since Vt contains no space-like primary components, we have Vt = Vi, 
or Vt = Vx@Vx-i. □ 

We next study the minimal T- invariant time-like subspaces of Vt. These subspaces consist of a variation 
of the orthogonal indecomposable subspaces of [GKJ. The following result corresponds to Lemma 2.1 
of pq . 

Theorem 2.13. Let {V,Q) be a Lorentz space and let T € PO{Q) he a proper isometry. Let W cVt 
be a minimal T-invariant time-like suhspace ofVt. Then one of the following conditions is satisfied. 

i) Vt = Vi, dimW = 1 and W is generated by a time-like vector of eigenvalue 1. 
a) Vt = V\, dimVF > 2 and Ker(r|i4/ — /) is generated by a light-like eigenvector. 
Hi) Vt = V\ (B Vx~i, where X ^ 1 is real positive, diml^ = 2 and W is generated by two light-like 
eigenvectors corresponding to the eigenvalues A and . 

Proof. We consider the two cases given in Corollary 12.121 

Firstly we assume that Vt = Vi. Let U = Ker(T|vi/ — /). We first show that U has no space-like 
vectors. Let u ^ U. If Q{u) > then Sp{u}-^ fl W would be a time-like T-invariant proper subspace 
of W. Therefore it would contradict the minimality of W. Consequently we have Q{u) < 0. 

Assume there exists u £ U such that Q{u) < 0. Then Sp{u} is time-like and T-invariant, and by the 
minimality of W, Sp{u} = W. Therefore condition (jij) is satisfied. 

Assume that every vector in U = Ker(T\\y — /) is light-like. Then Q\u = and by Lemma 12.61 
dimC/ = 1. Since U is light-like, U C W, and dimVl^ > 2. Therefore (ju]) is satisfied. 

Finally, we assume that Vt = Vx@Vx-i, where A 7^ 1 is a real positive eigenvalue. Let Ux = Ker(T — A). 
Then dim [/a = dimC/;^-i = 1. Indeed, by Lemma [2^81 Q\ux = Q\u^-i = 0, and by Lemma EH] their 
dimension is < 1. Since both Ux and Ux-i are not zero, the subspace Ux © Ux-i has dimension 2, and 
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it is time-like and T-invariant. By the minimality of W we have W = U\ (B Ux~i, and condition (|iii|) 
is satisfied. □ 

We finally state the main theorem of this section. Let us recall that a Lorentzian normal form is 
a proper Lorentz matrix of one of the following types: 

1) 1 (B A, where A € 0(n) is an orthogonal normal form. 

/ 3/2 1 -1/2 \ 

2) Q (B A, where A G 0(n — 2) is an orthogonal normal form and G = ( i i -i . 

V 1/2 11/2; 

3) 0( © A, where = ( sfnh* cosh*) > ^ 7^ 0. and A € 0{n — 1) is an orthogonal normal form. 
Theorem 2.14. Every element of PO{l,n) is conjugate to a Lorentzian normal form. 

Proof. Let V = Vt®Vs he the space-time decomposition of V with respect to T. Since Q{Vt, Vs) = we 
can find an orthogonal basis of Vg and Vt separately. Since Tg is orthogonal, by the Spectral Theorem 
it has an orthogonal normal form. Therefore we can assume that V = Vt and T = Tf. We prove the 
theorem by induction over n. For n = it is trivial. Assume that n > 0. Let be a minimal time- 
like T-invariant subspace of V. If dim W < dim V then W-^ is space-like, and the theorem is true for 
both T\iY and T|^±. Hence we can assume that W = V. We consider the cases given in Theorem 12. 131 

i) . Assume that W is generated by a time-like eigenvector of eigenvalue 1. Then T is the identity 
transformation. 

ii) . Assume that Ker(r — /) is generated by a light-like vector, and that dimM^ > 2. Let N = T — I. 
Since T is an isometry we have 

Q{Nx, Ny) = -Q{Nx, y) - Q{x, Ny). 

Let Fk = KerA^'^. Note that Fi = Ker(T — I) has dimension 1 and it is generated by a light-like 
vector. Therefore the Jordan normal form of T consists of a single Jordan block, and the T-invariant 
subspaces are of the form F^ for some k. Let us show that W = F^. 

If Fi = F2 then Fi = W, which is impossible, since dimW^ > 2. Therefore -Fi C F2 and there exists 
V £ F2\ Fi. Let u = N{v). Since Q{u) = 0, 

= Q{u) = Q{Nv) = -2Q{v,Nv) = -2Q{v,u). 

Consequently Q{u, v) = and by Lemma [2^ Qiv) > 0. We can assume that Q{v) = 1. Then W ^ F2 
and F2 F3, for if F2 = F3 we would have F2 = W, but F2 is not time- like. Let it; € -F3 \ -F2. We can 
assume that v = N{w). Then 

= Q{u, v) = QiN'^w, Nw) = -Q{w, N^w) - Q{Nw, Nw) = -Q{u, w) - 1. 

Therefore Q{w,u) = —1 7^ 0. By adding to w a multiple of u we can assume that Q{w) = 0. Then 

Qiv) = Q{Nw) = -2Q{w,Nw) = -2Q{w,v), 

and hence, Q{v,w) = — ^. The subspace F^ = Sp{u,v,w} is time-like and T-invariant. By the mini- 
mality of W, F3 = W. 
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By construction, the matrix of T in the basis {u,v,w} is a Jordan block of size 3 and eigenvalue 1, 
and the matrix of Q is the matrix of index (1,2) given by 



G 



0-1 
1 -i 

-1-5 



Let 



1 I 

p={ ill 

2 2 
10-1 



and let J = — Ii © l2- Since P^GP = J, the basis {cq, ei, 62} of W defined by (cq ei 62) = {uvw)P, is 
a Lorentz orthonormal basis of W. The matrix of T in this basis is 

p-'{h'A]p=(l\i 1 =G 



001/ \ 1 1 
^2 



iii). Assume W = Sp{u, v}, where n, v are light-like eigenvectors of eigenvalues A and A~^ respectively, 
where A 7^ 1 is real positive. By Lemma l2.6| Q{u,v) ^ 0, and we can choose u,v such that Q{u,v) = 
—1. Then the basis of W given by {-^{u + v) , -^{u — v)} is Lorentz-orthonormal and the matrix of 
T in this basis is 

„ f cosht sinh A . , , , 
\lt = [ . , , 1 , , where t = log A. 
\^sinht coshty ' ^ 



□ 



Note that in ^0(1, 2) all parabolic isometrics belong to the same conjugacy class, namely the class of 
the normal form Q. This class of isometries corresponds to translations z z + a m the half-plane 
model of the hyperbolic plane, where a € M. Two such translations are conjugate in P5L2(M) by a 
dilation z i-^ a/bz. 



As an easy consequence of Theorem 12.141 we get the normal forms of both proper and non-proper 
Lorentz isometries. 

Corollary 2.15. Every matrix in 0(1, n) is conjugate to a matrix iA, where A is a proper Lorentzian 
normal form. 

Proof. It suffices to study the case T ^ PO{l,n). Then —T G PO{l,n) and we apply Theorem 
[2Til □ 

We next define the Segre symbol of an isometry of H". Let / G I(]HI"), and let Tt®Ts be the space-time 
decomposition of a normal form T of /. Let ds be the Segre symbol of Tg and let r = dimVf. By 
Theorem I2.14|, one of the following conditions is satisfied: 

i) Tt = If, where 1 < r < n -|- 1. 

ii) Tt = Q® Ir-3, where 2> <r <n + l. 

iii) Tt = ^It, and r = 2. 

Cases (0), (jni) and (jm]) correspond to elliptic, parabolic and hyperbolic isometries respectively. 

Definition 2.16. Let f G /(H"'). With the previous notation, the Segre symbol of f is aj = [t; r; ds], 
where t G {e,p,h} denotes the type of isometry (elliptic, parabolic or hyperbolic). 



We have the following result. 



ORBIT TYPES OF ISOMETRIES OF SPACES OF CONSTANT CURVATURE 



13 



Proposition 2.17. There is a finite number of Segre classes in /(H"), given by h{n) = h'^[n) + 
+ h^{n), where h'^{n), h^{n) and h^{n) denote the number of Segre classes of elliptic, parabolic 
and hyperbolic isometrics respectively, and 

[n/2] 

h%n) = p{j){n - 2j + 1); hP{n) = h%n - 2); h^{n) = s{n - 2), 
j=0 

where p{k) denotes the number of partitions of k and s{k) is the number of Segre classes of I{S''). 

3. Orbit types 

Let M" be one of the Riemannian manifolds S", E" or H". In this section we study the orbit types of 
I(M") acting on itself by conjugation. The main result is that the orbit types are parameterized by 
the Segre symbol. 

Let G be a Lie group acting on itself by conjugation. We recall that two elements x,y G G have the 
same G-orbit type if and only if their orbits are G-equivariantly isomorphic. It is easy to check that 
this is equivalent to the condition that x and y have conjugate isotropy groups. Since G acts on itself 
by conjugation, for all x £ G, the isotropy group of x is given by 

Gx = {y e G;xy = yx}. 

Therefore when G is a matrix group, the study of Gx involves a problem of Frobenius: to study all 
elements in G that commute with a given element x G G (see |Ga] ). 

We recall a well known result, which we will use later on. Let k be an arbitrary field. 

Proposition 3.1. Let V be a finite dimensional vector space over k and let A S End{V) be a linear 
map. Let V = Vi(B ■ ■ ■ ®Vt be a primary decomposition of V with respect to A. If B £ End{V) is a 
linear map which commutes with A, then Vi are B-invariant subspaces. 

Proof. We denote by /Xj the minimal polynomial of Vi with respect to A. Then x V is such that 
IJ,i{A)x = if and only if x G Vi. Since AB = BA we get iii{A)B = BiJLi{A). Let x G Vi, then 
fj,i{A)Bx = Bfii{A)x = 0. Therefore Bx G Vi, and Vi is i?-invariant. □ 

Let A G GL{n) be an invertible square matrix over k. We say that A is eigenordered if A can be 
written as the block diagonal matrix A = Ai (B - - - (B At, such that the minimal polynomials of Ai are 
coprime by pairs. We call this an eigendecomposition of A. The following Corollary follows directly 
from Proposition 13.11 

Corollary 3.2. Let A be an eigenordered matrix and let A = Ai G GL{n) be an eigendecomposi- 

tion of A. Let B be a square {n x n) matrix such that [A, B] = 0. Then B = ^l^i Bi, and [Ai, Bi] = 
for all i = 1, ■ ■ ■ ,t. 

3.1. Orbit types of In order to study the orbit types of isometrics of the sphere, we first 

study the isotropy groups of normal forms of 0{n). We remark that since 0{n) is compact, its orbit 
type decomposition defines a Whitney-regular stratification |Pf|, and furthermore, it is the maximal 
stratification 0{n) admits, in the sense that if one defines the strata by mixing orbits from different 
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orbit types, the result will not be a Whitney stratification. 



We denote by U{n) the subgroup of GL{n,C) of complex unitary square matrices of size n, which is 
a Lie group of dimension n?, and let j : GL(n,C) GL(n,2R) denote the canonical inclusion. Let 
M = {mjti) € GL{n] C), where ruki = dki + ib^i. Then j{M) is the block matrix j{M) = {A^i)^ where 

A _ ( Qfei -bkl \ 
^kl - y aki ) ■ 

Lemma 3.3. Let A € 0{n) he a normal form with Segre symbol 

a A = [{nifii), • • • , (n^ns), mi, mi]. 
Then 0{n)A = I[Uij{U{ni)) x JlLi 0{mt), and 

s 1 * 

dim 0(n)A = ^(^i)^ + 2 X^"^*!"^* ~ 

i=l i=l 

Proof. Let A = 0^^^ Ai be an eigendecomposition of A, where Ai G 0{ki). By Corollary 13.21 the 
matrices commuting with A are block diagonal matrices B = 0*=i Bi such that = for all i. 

Therefore 0{n)A = Y^=iO{ki)Ai- In particular dimO(n)^ = ^^^^ dim 0(/ci)^-. Hence it suffices to 

0)71 /2 

consider the case when A has a single primary component. In such case, A is either ibl„ or Rg . 

If ^ = ibl„ it is trivial. Assume that A = R®^. By computing the matrices that commute with A we 
find that 

0{2n)A = {b = (Bi,) G 0{2n);B,, = (^g J;^)} . 
Therefore 0{2n)A = j{U(n)). In particular, dimO(2n)yi = dim C/(n) = n^. □ 

Lemma 3.4. Let A G 0{n) he a normal form having a single primary component, and let B G 0{n) 
such that 0{n)A = 0{n) b ■ Then B is a normal form having a single primary component, and a a = ctb- 

Proof. Assume that A = =bl„. Then 0{n)A = 0{n). Since the center of 0(n) is ibl„ it follows that 
B = ibl„. In particular aA = = [n]- 

Assume that A = Rf^ G 0(2n). By Lemma [331 0{2n)A = j{U{n)). Since B G 0(2n)A, there exists 
C G U{n) such that B = j{C). Moreover, since 0{n)B = j{U{n)) we have U{n)c = U{n). Since 
the center of U{n) are homotheties, C = e*"!^ for some a G M. The condition B 7^ ±l2n implies 
a G M \ {kir}, and B = i?®". In particular, aA = = [('^^)]- D 

Theorem 3.5. Let f,g£ /(§"). Then df = dg if and only if they have the same orhit type. 

Proof. Assume that df = dg. By Lemma [3.31 there exist normal forms A and B of f and g respectively 
such that 0{n)A = 0{n)B- Since conjugate matrices have conjugate isotropy groups it follows that 
0{n)f is conjugate to 0{n)g. 

Conversely, assume that 0{n)f and 0{n)g are conjugate. Let A be a normal form of / such that 
0{n)A = 0{n)B, where B is the matrix of g in some basis. Let A = ©JL^ Ai be an eigendecomposition 
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of A. By Proposition [321 B admits a block diagonal decomposition B = Bi, such that 0(nj)^. = 

0{ni)Bi- By Lemma 13.41 Bi are normal forms, and = ^Bi ^or all i. Therefore if 

then i? is a normal form i?^^ © • • • © K^"^ © /ulmi © i^Imt- In order to show that ayi = 0"b we have to 
see that ^ aj for all i ^ j, and that ^ v- 



This follows directly from the description of the isotropy groups of normal forms given in Lemma 13.31 
since 

j{U{ni)) X j{U{nj)) 5 j{U{ni + nj)), and 0(mi) x 0{m2) £ 0(mi + 1712). 

□ 

3.2. Orbit types of I(E"). To study the orbit types of I(E") we first study the isotropy group of an 
Euclidean normal form. 

For the rest of this section we will write Euclidean normal forms as the direct sum / = /o © /«, where 
o) is an orthogonal normal form with no eigenvalues equal to 1, and G Euc(ntj) is an 
unipotent Euclidean normal form. Note that fu is either In„+i, or In^-i © (0 f )i for some a > 0. 

Lemma 3.6. Let f = fo® fu ^ Euc(n) be an Euclidean normal form. Then 

Euc(n)/ = 0{no)f„ x Euc(n„)/^. 

Furthermore, 

i) If fu = In+i then Euc(n)/,^ = Euc(n). In particular, dim Euc{n) = n{n + l)/2. 
i'i') If fu = In-i © (0 1); where a > 0, then 

:B £0(n-l),b£W-^,c£ : 



B 





u 


1 c 





1, 



In particular, dimEuc(n)/jj = n(n — l)/2 + 1. 

Proof. By Corollary 13. 2^ since /„ and fu are coprime, we have 

Euc(n)/ = 0{no)f^ x Euc(n„)/^. 

If fu € Euc(n) is the identity matrix, it is trivial that Euc(n)j^ = Euc(n). Assume that /„ 
In-i © ( 1 )• 1^^^ + l)-square matrices that commute with /„ are of the form 

A- 



B 


h 


a 


e c 





e, 



where a, & G M" ^, c, e G M and i? is a square matrix of size n — 1. The condition A G Euc(n) implies 
e = 1, S G 0{n — 1) and a = 0. In particular 

dimEuc(n)j,_^ = dimO(n — 1) + n = n(n — l)/2 + 1. 

□ 

Lemma 3.7. Let f = fu & Euc(n) be a unipotent normal form and let g G Euc(n) such that Euc(n) f = 
Euc(n)g. Then g is unipotent and af = CTg. 
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Proof. Assume that / = In+i- Since the center of Euc(n) is the identity it fohows that g = = /. 



Assume that / = © (g f ). If n = 1 then g = (g i); foi' some 5 G M. Since g can not be the 
identity, 5 7^ and af = ag. 

Assume that n > 1, and let /i = /ii © ( g j' ) G Euc(n), where hi G 0{n — 1) and 6 G M are arbitrary. By 
Lemma l3.6| h G Euc(n)j, and by hypothesis h G Euc(n)g. In particular, [h,g] = 0. Therefore g is a 
block diagonal matrix g = gi® g2, where gi G 0{n — 1) and 52 £ Euc(l) are such that 0{n)g^ = 0{n) 
and [g2, (01)] =0. Therefore gi = In-i and by the case n = 1, (72 = ( g f ), for some c G M. Since g 
must not be the identity we have c 7^ 0, hence af = ag. □ 

Theorem 3.8. Let f,g(z /(E"). Then af = ag if and only if they have the same orbit type. 

Proof. Assume that af = ag. By Lemma [3. 61 there exist normal forms A and B of f and g respectively, 
such that Euc(n)yi = Euc(n)B. Therefore since conjugate matrices have conjugate isotropy groups, 
Euc(n)j is conjugate to Euc(n)g. 



Conversely, assume that Euc(n)j is conjugate to Euc(n)g. There exists a normal form A G Euc(n) 
of / and a matrix B of g such that Euc(n)^ = Euc(n)^. Let A = Aq (B A^ be the decomposition of 
A into its orthogonal and unipotent components. Then 5 is a block diagonal matrix B = Bi (B B2, 
where Bi G 0{no) and B2 G Euc(nu) are such that 0{no)Bi = 0{no)Ao a^id Euc(nu)B2 = Euc(nu)j^. 
By Theorem \3.5\ = ^Bx-: and by Lemma [3771 aA^ = o"_B2- In particular B2 is unipotent. To prove 
that aA = o'B it remains to show that 1 is not an eigenvalue of Bi. 



Let Aq = R(B -Im, where R G 0{no — m) is a rotation matrix of the form R = R^^ © • • • © Rg" . Since 
aAo = ^Bi, Bi is of the form R' © elm, where aji = aRi. Assume that e = 1. Then 

dB = dimEuc(n)B = dim 0(no -m)R + dimEuc(n„ + m)i^(QAu-, 
dA = dimEuc(n)^ = dim 0(no — + dim 0(m) + dimEuc(nu)Au, 

and by Lemma 13.61 we would have dB — dA > 0, which is impossible. Therefore e = — 1 and aB = aA- 
Since A and B are matrices of / and g respectively, we have af = ag. □ 



3.3. Orbit types of I(]H"). Let us study the isotropy group of a Lorentzian normal form. 
Lemma 3.9. Let T G PO{l,n) be a Lorentzian normal form. Then 

POil,n)T = POil,nt)T, X 0(n,)T.. 

Furthermore, 

i) IfTf = In+i then PO{l,n)Tt = PO{l,n). In particular, dimPO(l, n)j'^ = n{n + l)/2. 
a) IfTt = eeIn-2, then 



PO{l,n)T 



l+d 


c 


-d 


a 




1 


-c 





d 


c 


1-d 


a 


b 





-b 


D 



D G 0(n - 2); a G M""^; c G M, 
hi 



d= i(c2 + ||b||2); a = bD. 



In particular, dimPO(l,n)rj = 1 + (n — 2)(n — l)/2. 
Hi) If Tt = ^ then P0{1, l)Tt is the connected component of the identity in P0{1, 1). In particular 
dimPO(l,l)Ti = 1. 
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Proof. Let T = Tt © be the space-time decomposition of T. By Corollary 

PO(l, n)T = {A(BB;Ae PO{l, nt)T„B G OK)tJ • 
Therefore PO{l,n)T = PO{l,nt)Tt x OK)t,. 

Assume that T = Tf. The only non trivial case is when T = © In- 2- Let M € PO{l, n)^. We write 
M as a block matrix M = ( § ^ ) • The condition [M, T] = implies 

[G, C] = 0, (9 - h)A = 0, S(G - Is) = 0. 

An easy computation shows that A and B must be of the form 

A = ( ■■■ ] , B = 

On the other hand, recall from Section [2.31 that is conjugate to a unipotent Jordan block in GL{3). 
Since the matrices commuting with a Jordan block are regular upper triangular matrices (see |Ga| ) . 
we find that C is a matrix of the form 

„ / e+d c -d \ 
= 1 c e -c I 
\ d c e-d } 

The condition M^QM = Q implies: 

1) C^QC + B^B = Q 

2) A'QA + D'D = In-2 

3) C^QA + B^D = 

From the first condition we deduce that e = ±1, and that d = ^(c^ + ^^=1^ )■ Furthermore, for M 
to be proper, the upper left entry of C must be positive. Hence e = 1. From the second condition, 
since AlQA = we obtain D^D = In-2) therefore D G 0{n — 2). The third condition implies that 



a 



'}27=i ^idij) where dij are the coefficients of the matrix D. Therefore the dimension of PO{\, n)T 



'3 

is 

1 

dimPO(l,n)r = dim 0(n -2) + n- l = l + -(n- l)(n - 2). 



□ 



Lemma 3.10. Let T G PO(l,n) 6e a normal form with no spatial component, and let A G PO{l,n) 
such that PO{l,n)T = PO{l,n)A- Then ax = cta- 

Proof. The elliptic and hyperbolic cases are trivial. Assume that T is parabolic. Then T = ffi 1^-2- 
Let S = Is © C, where C G 0(n - 2). Then B G P0{1, n)T and by hypothesis, [B, A] = 0. Since C is 
arbitrary we have, by Corollary 13.21 that ^ is a block diagonal matrix A = Ai® A2, where [^1, 0] = 
and [A2, C] = for ah C G 0(n - 2). Therefore A2 = eIn-2, and 

/ a+d b -d 
^1 = ( b a -b 
\ d b a-d 

The condition A G PO(l,n) implies a = 1 and d = 6^/2. Therefore 

/ 1+62/2 h -62/2 
Ai= \ b 1 -b 

V b^/2 b 1-62/2 

If 6 = then Ai is the identity matrix and by Lemma 13.91 P0{1,2)a 7^ PO{l,n)j'. Therefore b ^ 0. 
In such case, Ai is conjugate to 0, and A has a normal form © eIn-2- To see that a a = T it 
remains to show that for all n > 2 we have £ = 1. 
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Assume that n > 2 and e = -1. Then by Lemma [3191 PO{l,n)A = P0{1,2)q xO(n-2). In particular 
we have 

dA = dimPO{l,n)A = 1 + i(n - 2)(n - 3), 

dx = dimPO(l, n)T = 1 + l)(n - 2). 

Therefore dx — dA = n — 2 > 0, which is impossible, since PO{l,n)A = PO{l,n)T- Hence e = 1 and 
aA = ctt- Since T and A are matrices of / and g respectively, we have cr/ = cjg. □ 

Theorem 3.11. Let f,g£ /(H"). Then af = ag if and only if they have the same orbit type. 

Proof. Assume that aj = ag. By Lemma [331 there exist normal forms A and S of / and g respectively 
such that PO{l,n)A = PO{l,n)B. Therefore the isotropy groups of / and g are conjugate to each 
other. 

Conversely, assume that ^0(1, n) / is conjugate to PO{l, n)g. Then there exists a normal form T of / 
such that -PO(l, n)T = PO{\, n)B, where B is the matrix of g in some Lorentz basis. Let T = Tt®Ts 
be the space-time decomposition of T. Then B is & block diagonal matrix B = Bi ® Bg, where 
PO{l,nt)Tt = PO{l,nt)Bi and 0{ns)Ts = 0{ns)B2- By Theorem 13.51 ^Ts = ^B2- By Lemma [3.101 
CTji = Cfii- To prove that aB = ctt it remains to show that if T is elliptic or parabolic, then 1 is not 
an eigenvalue of -62- 

Let Ts = i? © -Ifc, where i? is a composition of rotations. Since = o'b2, B2 has a normal form 
R' © elk, where aR = gri . Assume that e = 1. Then 

dB = dim P0(1, n)B = dim PO{l, nt + A:)Ttelfc + dim 0{ns - k)^, 

dr = dimPO(l,n)r = dim PO{l,nt)Tt + dim 0(n^ - k)R + dimO{k). 

By Lemma 13. 9[ we find that in both elliptic and parabolic cases, dB — dx > 0, which is impossible. 
Therefore e = — 1, and 1 is not an eigenvalue of B2. Hence gt = cfb and consequently aj = ag. □ 

4. Invariant subspaces 

Let M" denote one of the Riemannian manifolds S'^, E" or H". Recall that the generalized Grass- 
mannian G{k,M"^) is the set of closed totally geodesic submanifolds of M" isometric to M^, which 
is an homogeneous space of dimension (fc + l){n — k). (see [ObJ). 

Let / € I(M"). We denote by Lj the set of /-invariant closed totally geodesic submanifolds of Af" 
isometric to for some k < n, and by Tf{k), the subset of Lj consisting of those submanifolds of 
dimension k. Then Tf{k) is a closed subset of G(A;,M"), and Tf C 1J^=q G(/c, M"). 

In this section, we describe the sets ^f{k) and relate them to the Segre symbol of /. We show that 
rj(/c) are closed submanifolds of G(A;,M") and that the dimensions of their connected components 
determine the Segre symbol, and thus the orbit type, of the isometry. 

We begin by giving some basic properties of invariant subspaces for a linear endomorphism of a finite 
dimensional vector space, which will be needed in the later parts of the section. These have been 
studied by Shayman in [Shj . 
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Let V be an n-dimensional vector space over M or C. For all A; < n we denote by G{k, V) the Grass- 
mann manifold of all A;-dimensional linear subspaces of V. 

Let A G End{V). A subspace U V is ^-invariant if A{U) C U. We denote by Sa the set of all 
^-invariant subspaces of V, and by SA_{k) the subset of Sa consisting of those invariant subspaces of 
dimension k, which is a closed algebraic subvariety of G{k, V). 

Lemma 4.1. If A,B G End{V) are conjugate, there is an isomorphism of algebraic varieties SAik) = 
Ssik), for all k. 

Proof. Let B = aAa~^ for some a G GL[n), and let U G SAik). Then all G Ssik). The map 
U I— > all defines an isomorphism SAik) — > Ssik). □ 

Lemma 4.2. Let A G EndiV) and let V = Vi (B ■ ■ ■ (BVg be a primary decomposition ofV with respect 
to A. Then every A-invariant subspace U C V admits a primary decomposition U = Ui ® ■ ■ ■ ® Ug 
with respect to A\jj, such that Ui = U CiVi. 

Proof Let Vi = Ker(A - Then Ui = Ker(^|c7 - ei/)™S where rui < rn, so Ui C Vi D U. 

Conversely, VinU = KeiiA\u - = Ker(^|t/ - Si)"^^ = Ui. □ 

The following proposition is a consequence of the previous lemma (see |Shj . Sec. 3, Teo.2). 

Proposition 4.3. [Shj Let A G EndiV) and V = Vi (B ■ ■ ■ (BVs be a primary decomposition ofV with 
respect to A. For all i = ,s we denote by TTi : V ^ Vi the natural projection, and by Ai the 

restriction of A to Vi. The map 

Sa^Sa,^---xSa^;U^ (7ri(C/), • • • ,7r,(C/)) 

is an isomorphism of algebraic varieties. In particular, 

SAik)= □ SAAki)x---xSAM)- 

Aj ^ ~|~ ■ ■ ■ fcg — k 

Therefore in order to study the varieties of invariant subspaces of a linear endomorphism, it suffices 
to do it in the case when the endomorphism has a single primary component. 

We remark that the varieties SAik) are, in general singular varieties (see [Sh]). In the particular case 
of orthogonal maps the situation is much more simple, since the normal forms of such transformations 
are diagonal over C. In particular we will see that the varieties Sa are smooth. 

4.1. Invariant totally geodesic subspheres of S". The spherical Grassmannian Gik,S"') is the set 
of /c-dimensional totally geodesic subspheres of S". Such subspheres are precisely the intersections of 
§^ with the linear subspaces of M""*"^. This follows directly from the description of the geodesies in 
S"'. There is an identification 

G(A;,S") = G(fc + l,M"+^). 
Therefore G(A;,S'^) is a smooth projective variety of dimension (A; + l)(n — /c). 

Let / G I(S"). By the above identification, G ^fik) if and only if there exists U G Sjik) such that 
gfe _ gn Pi jj^ -^Ve get the following proposition. 



20 J. CIRICI 

Proposition 4.4. Let f G 7(S"). Then Tfik) ^ Sf{k + 1). 



Therefore the study of ^f{k) reduces to the study of the varieties of invariant linear subspaces of a 
real orthogonal linear map. 

Proposition 4.5. Let V be an n- dimensional Euclidean vector space and let A E EndiV) he an 
orthogonal map having a single primary component. 

i) If A = ±ln then SA{k) = G{k,W). 

ii) If A = Rf^ G 0(n), with n = 2p then SA{k) = $ if k is odd and SA{k) ^ G(|,Cp) if k is even. 

Proof. The first case is trivial. Assume that A = Rf"'. Let V = M^", and denote by the complex- 
ification of V. Let A^ : ^ denote the complexification of A. Then A^ has a pair of conjugate 
eigenvalues A and A. There is a primary decomposition = (B V^^, where is the eigenspace of 
eigenvalue A and = is the eigenspace of eigenvalue A. Let A\ = A'^ly^ denote the restriction 

of A^ to V^, and let ttx ■ ^ be the projection of along V^. By Lemma 14.21 there is an 
isomorphism Sa — > Sa^ of real algebraic varieties given by i— > irxiW^), where denotes the 
complexification of the subspace W. Note that the normal form of Ax is AI„, where A € C. Therefore 
SA^{k) = G(A;,C"). By the above isomorphism we get SA{k) ^ Sa^{^) = G(|,C"). □ 

Theorem 4.6. Let A £ EndiV) he an orthogonal map. 

i) If aA = [(nini),--- , {nsns),mi,mt] is the Segre symbol of A then 

SA{k)^ y G(A;i,C"i) X ••• X G(A;„C"=) X G(ri,M'"i) X G(n,M™'). 

ii) The dimensions of the connected components of Sa{^) and S'a(2) determine the Segre symbol of 
A. 

Proof. The first statement is a consequence of Propositions 14.3 1 and 14.51 Let us prove the second. Let 
di = [dj, - ■ ■ jd'l') denote the vector formed by the dimensions of the connected components of SA{i), 
such that > d-'-'^^. Let 

= [(ni,ni), • • • , {ns,ns),mi,mt] 

be the Segre symbol of A. We need to show that di = (dj, ■ ■ ■ , d^'), for i = 1,2, determine ni, • • • ,ns 
and mi,mt. 

We first study the variety of A-invariant lines. By the first statement of the theorem we have 5'a(1) — 
UUi'^r"''^ ■ We consider three cases. 

1) If ci = then t = 0. 

2) If ci = 1 then t = 1 and nii = d\ + 1. 

3) If ci = 2 then t = 2, and nii = d\ + 1. 

Therefore di determines t and nii, for i <t. 

Assume that t and mj are known. Let us study the variety of ^-invariant planes. Again, there are 
three cases to consider. 
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1) Et = 0, 5a(2) = Ui=i K''^- Then s = c^. 

2) lit = 1, Sa{2) = (ULi U G(2,R'^i). Since G(2,M™) = 0, for m < 2, we have 

J C2 — 1 , if mi > 2. 
I C2 , if mi < 2. 

3) If t = 2, 5a(2) = (Ui=i U (Pr'"^ X Pk'~^) U G(2, U G(2, W^^). Therefore in this case 
we have, 

{C2 - 3 , if 1711,1712 > 2. 
C2 — 2 , if mi > 2 > m2. 
C2 - 1 , if mi,m2 < 2. 

In all three cases s is determined. Note as well that dim]jP^ = 2k. Therefore since m^ are known, 
171, - ■ ■ ,ns are determined hy d2- □ 

Theorem 4.7. Lei / E /(§"). T/ie dimensions of the connected components of ^f{0) and Tf{l) 
determine the Segre symbol of f. 

Proof. It follows from Proposition 14.41 and Theorem 14.61 □ 

Note that the elements of G(0, §") are 0-dimensional subspheres of S", that is, pairs of antipodal points 
of which are invariant for /, but each point of the pair need not be fixed. One could also consider 
a finer classification taking into account the sets of fixed points. Then every Segre class of isometrics 
having a real eigenvalue e = ±1 would split into subclasses depending on the value of e. These sub- 
classes are precisely the connected components of the strata defined by the orbit type decomposition. 



Tables UJ^ and [51 show a normal form representative of each Segre class, for isometries of S^, and 
S^, together with the varieties of invariant subspheres of each dimension. 

Let / G 1(8") and let Ck be the number of connected components of rj(A;). Denote by dk = {d\, ■ ■ ■ ,d'j^) 
the vector formed by the dimensions of the connected components of T f{k), in decreasing order. Then 
d = [do; ■ ■ ■ ; dn-i]. The last column of each table shows the vector d formed by the dimensions of the 
connected components of T f{k). In all tables a collection of points is denoted by {*•••*}. 

We remark that is not a space of constant curvature, since it has no curvature defined. However, 
we include the table of I(S^) for completeness. 

Table 1 . Isometries of 

^/ / rj(o) d 

[2] (%) Pi [1] 

[1,1] (^J {**} [0,0] 
[(11)] [-1] 
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Table 2. Isometries of 



(J f f 






d 


13] (■..) 


p2 


p2 


[2; 2] 


(••..) 


u {*} 


U {*} 


[(1,0); (1,0)] 




{*} 


{*} 


[0;0] 



Table 3. Isometries of 

^.f / r/(o) Tfji) rf{2) d 

[4] eh P^ G(2,M'^) P3 [2; 4; 2] 

[3,1] else -ell P2u{*} p2up2 P^ u {*} [(2, 0); (2, 2); (2, 0)] 

[2,2] ehe-eh P^UP^ (pixpi)u{**} P^UP^ [(1, 1); (2, 0, 0); (1, 1); 

[(11), 2] Re® eh Pi {**} P^ [1;(0,0);1] 

[(II), 1,1] Re® eh® -eh {**} {**} {**} [(0, 0); (0, 0); (0, 0)] 

[(22)] Re® Re G(1,C2) [-1;2;-1] 

[(11), (11)] Re,® Re, {**} [-1; (0,0);-!] 



4.2. Invariant afiine subspaces of E". Let V = . Recall that the standard Euclidean affine 
space is given by = {x„+i = 1} C V, and that Vq = {^n+i = 0} C F is its associated vector 
space. The canonical inclusion Vq ^ V induces an inclusion on the respective Grassmannian varieties 
G{k, Vo) G{k, V). The bijection between fc-dimensional affine subspaces of E" and A: + 1-dimensional 
linear subspaces of V not contained in Vq induces an isomorphism of algebraic varieties 

G{k, E") ^ G{k + 1,V)\ G{k + 1, ^0)- 

Since it is an open Zariski connected subset of G{k + 1,V), G{k,'E'"') is a quasiprojective algebraic 
variety of dimension {k + l){n — k). 



Let / : E" ^ be an isometry, and let (^0 ^ ^ — ^ be its associated linear map. Let tt : G(A;,E") 
G{k, Vo) denote the natural projection sending each affine subspace to its associated vector space. 
Recall that an affine subspace p + F C E" is /-invariant if and only if ipo{V) C V and f{p) — p E V. 
Therefore we have Tr{Tf{k)) C S^g{k). 

Lemma 4.8. If f,g & /(E") are conjugate, there is an isomorphism of algebraic varieties Tf = Tg. 
Proof. Let a G Euc(n) such that g = afa~^. Then p + V i-^ a{p + V) is an isomorphism. □ 
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Let / : E" ^ E" be an isometry induced hy (p : V ^ V, and let c^o : — * be its associated linear 
map. Let V = Vr ® Vi he the decomposition of V into 93-invariant subspaces, where Vi denotes the 
primary component of eigenvalue 1 and Vr is the direct sum of the remaining primary components. 
Denote by ipR = and ipi = ip\vi the restrictions of if to Vr and Vi respectively. 

Let B = K^/Vr be the quotient affine space with associated vector space 

Vol :=Vo/VR^VonVi. 

Note that B is the affine space defined by B = {x G Vi;Xn+i = 1}, and that the restriction of <po to 
Vol is the identity transformation. Since the map ipi : Vi ^ Vi is unipotent, it induces an isometry 
/i : B ^ B, which is either the identity or a translation. 

Proposition 4.9. Let f € /(E"). With the previous notation, Tj = S^p^ x Lj^. In particular, 

ki+k2=k 

Proof. Note that there is an isomorphism Tf = S^ \^vo- Proposition 14. 3t we have an isomorphism 
= S^pj^ X 5^^. Furthermore, since Vr C Vq we have 5<^p = 5,^^ x 5^^^. Therefore 

P/ — i^VR ^ ^Vl) \ i^VR ^ ^VOl) — ^VR ^ ('^Vl \ ^fOl) — ^fR ^ P/i- 

□ 

Proposition 4.10. Let / : E" — > E" be an isometry, and let /i : E'' ^ E'' denote its unipotent part. 

i) If f is elliptic then T f^{k) ^ G{k,E'') for all k>0. 

ii) If f is hyperbolic then r/^(0) = 0, and T f^{k) ^ G(A; - l,W"^), for all k>l. 

Proof. If / is elliptic then fi is the identity transformation and every subspace is /i-invariant. 

Assume that / is hyperbolic. Let {{e^}i=i',p) be an Euclidean reference of E'' such that the matrix of 
fi in this reference is a normal form I^-i ffi (0 1 )• For all p G E'' we have f{p) — p = ae^ . Let p + V 
be an /-invariant subspace of dimension k and define L := Sp{e^}. Then L CV, since the invariance 
of p + V implies f{p) — p = ae^ C V . 

Let L"*" denote the orthogonal complement of L in Vq H Vi • Then B = p + L"*" is an Euclidean affine 
space of dimension r — 1. We denote by vr : E^' — s- B the orthogonal projection of E*" along L, and 
i : B — > E*" denotes the canonical inclusion. Let g = 7ro/oi:B^B. Then g is the identity 
transformation. There is a commutative diagram 

E" — ^ E" 
B — ^ B 

Since L C y, Ti{p + V) is a (^-invariant subspace of dimension k — 1. We get an isomorphism Tf{k) 
Tg(k — 1) given by (p + V)^ 7r(p + V). Therefore, if > 1, 

r/,(A:) ^ Tgik - 1) = G{k - 1,E'-^). 

□ 
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Theorem 4.11. Let f e /(E"). 

i) Let Gj = [t; r; a] be the Segre symbol of f, and let (ppc G 0{n — r) be an orthogonal map with Segre 
symbol a. Let d = if t = e, and d = 1 if t = h. Then 

Ffik)^ [_\ S^Jh)xGik2-d,E'-'^). 

ki+k2=k 

ii) The dimensions of the connected components ofTf{k), for k < 2 + d determine the Segre symbol 
of f , where d = if f is elliptic and d = 1 if f is hyperbolic. 

Proof, i). We can assume that / is a normal form. Let / = (fR © /i be the decomposition of / into 
its orthogonal and unipotent components. By Proposition 14.91 Tj = S^^^ ^^fi- Consider two cases: 

1) If t = e then /i = I^+i, and hence T f^{k) ^ G{k,E''). 

2) Ut = h then /i = © (J f), and by Proposition [HOl Tf^{k) ^ G{k - 1,E''^^). 

ii). Let o"/ = [t;r;cj]. If rj(0) = then t = h, while if Ff{0) 7^ we have t = e. Therefore we can 
study each case separately. 

Assume that t = e. Then rj(0) = E'', hence the dimension of the variety of fixed points determines 
r. Since r is known, the dimensions of the connected components of Tf{k), for k = 1,2, determine the 
dimensions of S^^{k), for k = 1,2, and by Theorem 14.61 these determine a. 

Assume that t = h. Then for A; > 1, T f{k) = Tg{k — 1), where Ug = [e; r; a]. By the previous case, ag 
is determined by the dimensions of Tg{k), for k <2. Therefore af is determined by the dimensions of 
Tf{k), for k<3. □ 

Corollary 4.12. Let f,g & /(E"). Then f and g have the same Segre symbol if and only if the 
dimensions of the connected components of the varieties of their fixed points, invariant lines and 
invariant planes coincide. 

Tables m to [6] show a normal form representative of each Segre class, for isometrics of E^, E^ and E^, 
together with the varieties of invariant affine subspaces of each dimension. 

Table 4. Isometrics of E^ 
^.f / TKO) d 

[e;l;0] (^) E^ [1] 
[e;0;l] (^) {*} [0] 

[h-.m (^) [-1] 
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Table 5. Isometries of 

^/ / rf(o) Tfji) d 
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[e;2;0] 

[e; 1; 1] 
[e;0;2] 
[e;0;(ll)] 
[h;2;0] 
[h; 1; 1] 
















C S 

■s c 



1 






a 




1 


-1 




1 


a 




1 



G(1,E2 



{*} 



E^ 



{*} 



[2,2] 



E^ Eiu{*} [1,(1,0)] 
{*} [0, 1] 



[0,-1] 
[-1, 1] 
[-1,0] 



Table 6. Isometries of E^ 





f 


r/(o) 


r/(i) 


r/(2) 


d 


[e;3;0] 


I4 


E^ 


G(1,E3) 


G(2,E3) 


[3,4,3] 


[e;2;l] 


-Ii I3 


E2 


G(1,E2) UE2 


G(1,E2)u{*} 


[2, (2, 2), (2,0)] 


[e;l;2] 


-I2 ® I2 


E^ 


(pi X E^) U {*} 


pi UE^ 


[1,(2,0), (1,1)] 


[e;i;(ii)] 


Re eh 


E^ 


{*} 


E^ 


[1,0,1] 


[e;0;3] 


-I3 ® Ii 


{*} 


p2 


p2 


[0,2,2] 


e;0;(ll),l] 


Re ® -Ii ® Ii 


{*} 


{*} 


{*} 


[0,0,0] 


[/i;3;0] 







E2 


G(1,E2) 


[-1,2,2] 


[h;2;l] - 


iii©iii©(S? 


) 




El U {*} 


[-1,1,(1,0)] 


[h;l;2] 







{*} 


pi 


[-1,0,1] 




Re (Bill) 





{*} 





[-1,0,-1] 



4.3. Invariant totally geodesic hyperbolic subspaces of H". The hyperbohc Grassmannian 
G(fc,]HI") is the set of all fc-dimensional totally geodesic hyperbolic subspaces M.^ of H"'. These are 
precisely the intersections of H" with k + 1-dimensional time-like subspaces of M""*"-^ (see [Ra], p. 70). 
Therefore G{k,M"') is an open connected subset of G{k + l,]R"+i), but not a Zariski open set. Hence 
it is a semialgebraic manifold of dimension (k + l){n — k). 
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Note that if / G I(]H["), the elements of ^fik) are in bijection with the k + 1-dimensional /-invariant 
time-hke subspaces of R""*"^. 

Lemma 4.13. Iff,g G /(H") are conjugate there is an isomorphism of semialgebraic varieties T f{k) = 

Tg{k). 

Proof. It fohows from the fact that Lorentz isometries preserve time-hke subspaces. □ 
Proposition 4.14. Let T e PO{l,n). Then 

Trik)^ □ rTAki)xSTAk2). 

k\+k2=k 

Proof. Let U C W'^^ be a time-hke T-invariant subspace of dimension > 0. Then by Lemma 
U = Ut (B Us, where Ut C Vt is Tj-invariant and Us C Vs is T^-invariant. Moreover Ug is space-hke, so 
for U to be time-hke, Ut must be time-hke. Therefore Ut € Txtiki), for some ki > 0, and Us € STs{k2), 
such that ki + k2 = k. □ 

Proposition 4.15. Let T € PO{\,n) and let r = dimVj. 

i) IfT is elliptic then TrAk) = G{k,W-^) for all < k < r - 1. 

a) IfT is parabolic then FrJ/c) = (/} for k = 0,1 and Trtik) = G{k - 2,E''^'^) for k>2. 
Hi) IfT is hyperbolic then FtM = and Txtil) = {Vt}. 

Proof, i). IfT is elliptic then Tt is the identity transformation. Therefore every subspace is T^-invariant 
and the result follows. 

ii). Assume that T is parabolic, and let {ej}[~Q be a Lorentz basis of Vt such that the matrix of Tt is 
©If. -.3. To compute Txtik) we study the Tf-invariant time- like linear subspaces of Vt. We first show 
that if [/ C is a time- like Tf-invariant linear subspace of Vt then Sp{ei, cq + 62} C ?7. 

Let {fi}[rQ be the basis of Vt defined by V2 = ^(eo + 62) and Vi = Cj for all i / 2. Then 

TtVo = Vo + Vi+ V2, 

Ttvi = -ui + 2v2, 
TtVi = Vi,yi>l. 

Let U C Vi be a time- like T^-invariant linear subspace of Vt, and let u = Yli=o € f7 be a time- like 
vector of U. Then 

(T - I)u = aovi + (ao + 2ai)v2, 
{T-lfu = 2aoV2. 

Since Q{u) < 0, we have oq 7^ 0, and since {T — I)'^u G [/ it follows that V2 G U . Therefore since 
(T — I)u E [/ we have vi E U . Hence Sp{vi,V2} C U , as claimed. 

Note that since Sp{vi,V2} is not time-like, every time-like T^-invariant subspace of Vt has dimension 
of at least 3. Hence Vxtik) = 0, for k <1. 

For k > 2, the set of fc-dimensional subspaces U Vt such that Sp{vi,V2} Q U is isomorphic to 
G{k — 2,Vt/ Sp{vi,V2}) = G{k — 2,W~'^). Furthermore, every such subspace is Tj-invariant. We next 
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show that the set of those Tt-invariant subspaces that contain Sp{vi,V2} and are not time-hke, is 
isomorphic to G{k — 2,M''~^). 

Let Vq = {xo = 0}nVtCVt and let U C Vt such that Sp{vi,V2} C U. Then Q\u > if and only if ^7 C 
Vq. Indeed, assume that Q\u > and let u = YllZo o-i^i ^ ^ ■ Then Q{u) = — ao(ao + 202) + Z]i^2 ■ 
Therefore if oq 7^ 0, and since V2 G U , we can choose a2 such that Q{u) < 0, which is a contradiction. 
Hence oq = and U C Vq. Conversely since Vq is space-like, if C/ C Vq then Qlc/ > 0. 

Therefore the set of Tt-invariant /c-dimensional time- like subspaces of Vt is isomorphic to G{k—2, M''^^)\ 
G{k - 2,W-^), and we have 

TT,{k) ^ G{k - \ G{k - ^ G{k - 2,E'-3). 

iii) . If T is hyperbolic then r = 2 and Tt has a normal form O = ( ^ ^ ) ' "^^ere c, d € M are such that 
— d? = 1, d 0. It follows from an easy computation that the only Tt-invariant proper subspaces 
of Vt are light-like lines. Therefore rji(O) = and rr^(l) = {V^}. 

□ 

Theorem 4.16. Let T G PO(l,n), and let r = dimVt. 
i) If T is elliptic then 

TT{k)^ □ G{ki,W'-^)xSTAk2)- 

ki+k2=k 

IfT is parabolic then Txik) = for k = 0,1 and 

Trik)^ □ G{kiX-^) X SrAh). 

IfT is hyperbolic then Tt{0) = and TT{k) ^ Sx.ik -l)fork>l. 
a) The dimensions of the connected components ofTxik), for k <2 + d determine the Segre symbol 
of T , where d = 0, 1 or 2 if T is elliptic, hyperbolic or parabolic respectively. 

Proof. The first statement follows from Propositions 14. lil and [lT5l Let us prove the second. 

Let Ci denote the number of connected components of Txii). By the above proposition applied to the 
case /c = we know that if cq > then T is elliptic, if cq = and ci > then T is hyperbolic, and 
if Co = ci = then T is parabolic. Therefore we can study each type of isometry separately. Let 
r = dim Vt . 

i) If T is elliptic then r7^(0) = G(0, H''^"'^) = EI^~^. Therefore the dimension of rj'(O) determines r. 
Moreover, 

rT(l) ^ G(l,]H'-i) U {W-^ X 5t,(1)) . 
Since r is known, the dimensions of rj'(l) determine the dimensions of ^^^(l). Finally, 
rT(2) ^ G{2,W~^) U (G(l,IH^-i) X 5t,(1)) U {W-^ x 5t,(2)) , 

and the dimensions of rj'(2) determine those of 5t^(2). By Theorem 14.61 the Segre symbol of Tg 
is determined, so the Segre symbol of T is determined as well. 

ii) If T is hyperbolic then Txik) = Sx^ik — 1) and the result follows from Theorem 14.61 
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iii) If T is parabolic then rj'(2) = IF ^, so its dimension determines r. Moreover, 

rT(3) ^ G{l,W-^) U (]H'-2 X 5t,(1)) , 
so the dimensions of r7^(3) determine the dimensions of Sts{^)- Finally, 

rT(4) ^ G(2,]H^-2) u (G(l,IH'^-2) X 5t,(1)) U {W-^ x 5t.(2)) , 
so the dimensions of Tt{4:) determine the ones of St^{2). Again by Theorem 14.61 we get the result. 

□ 

Tables [7] to [9] show a normal form representative of each Segre class, for isometrics of M^, and H^, 
together with the varieties of invariant hyperbolic subspaces of each dimension. 

Table 7. Isometrics of 





^/ 


f 


r/(o) d 






[e;2;0] 


i\) 


Ml [1] 






[e; 1; 1] 




{*} [0] 






[h;2;0] 




[-1] 






Table 


8. Isometrics of 






/ 


r/(o) 


r/(i) 


d 


[e;3;0] 


/ 1 \ 

( ^ 1 

\ 1 / 


IHI2 


G(1,M2) 


[2; 2] 


[e; 2; 1] 


/ 1 \ 

I ^ 1 

\ -1 / 


Ml 


Ml U {*} 


[i;(i,o)] 


[e;i;2] 


/ 1 \ 
( 1 


{*} 


pi 


[0;i] 




/ 1 \ 

\ -b a J 


{*} 





[0;-i] 


[h;2;l] 


fed \ 
1 d c j 





{*} 


[-i;0] 


[p;3;0] 
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Table 9. Isometries of 



J 


/ 


rf(o) 




r/(2) 


d 


[e;4;0] 






G(1,M3) 


G(2,M3) 


[3; 4; 3] 


[e;3;l] 




Bl2 i 


5(1,M2)uM2 d 


5(1,M2)u{*} [2; (2, 2); (2,0)] 


[e;2;2] 


I2 e -I2 


Ml (I 


^1 X Ml) U {*} 


Ml UPi 


[1; (2,0); (1,1)] 


[e;2;(ll)] 


h®Re 


Ml 


{*} 


Ml 


[i;0;i] 


[e;l;3] 


ii e -h 


{*} 


p2 


p2 


[0;2;2] 




Ii © -Ii 


{*} 


{*} 


{*} 


[0;0;0] 


[h;2;2] 


nt © eh 





{*} 


pi 
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